Classification of topological insulators
using Clifford algebras
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Plan of this talk

* Introduction
— Some examples of topological insulators/superconductors

 Table of topological insulators and superconductors

— 10 Altland-Zirnbauer symmetry classes
— Time-reversal, particle-hole, and chiral symmetries

e Derivation of the periodic table

— Dirac Hamiltonian
— Clifford algebras
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Topological insulators

in the broad sense

e band insulators free fermions (ignor'e e-e in’r.)

e characterized by a topological number (Z orZ,)

e gapless excitations at boundaries %/7/
stable ?//// |

M;‘;o, / non-topological

. clje (vacuum)

O

////




Energy band structure:
map ki E_(k), or
K Q 1
o\ = kT

topological numbers (e.g., winding number)

@) 1 E

Band structures are topologically equivalent,
if they can be continuously deformed into one another
without closing the energy gap.

Topological numbers are not changed by continuous deformation.

(discrete number)



Topological (band) insulators

in the broader sense

e band insulators free fermions (ignor'e e-e in’r.)

e characterized by a topological number (Z orZ,)

e gapless excitations at boundaries 7//7/?
4

stable
non-topological
(vacuum)

&

7 //
o
Examples: integer quantum Hall effect,

time reversal _ quantum spin Hall insulator, 3D Z, topological insulator, ....
symmetry
2D 3D



Integer Quantum. Hall Effect - Py = Pa

LA

|
5

>

TKNN number (Thouless-Kohmoto-Nightingale-den Nijs)

2

€ TKNN (1982); Kohmoto (1985)
ny = —FC
15t Chern number integer valued

X y
filled band bulk-edge correspondence
. .

(k k) < Wk‘@ Berry connection

X1ty

Ve = (0.0,

1 .
C :—_jdzk V, X A(k K ) = number of edge modes crossing E,




2D Quantum spin Hall effect (2D Z, TPI)

Kane & Mele (2005, 2006); Bernevig & Zhang (2006)

e time-reversal invariant band insulator
e spin-orbit interaction
e gapless helical edge mode (Kramers’ pair)

I B E
up-spin electrons
Q conduction band

M down-spin electrons ><
/ Q _B valence band
‘ -
K

X

S?is not conserved in general.  Topological index: Z == 7,



3 dimensional Z, Topological insulator

e Band insulator

Z, topologically nontrivial

e Metallic surface: massless Dirac fermions

E
y kyt /:\ E,:
P Rra L L
X ‘ ky * ! \_/”
K, | )

Theoretical Predictions made by:
Fu, Kane, & Mele (2007)

Moore & Balents (2007)

Roy (2007)

an odd number of Dirac cones/surface



Topological superconductors

e BCS superconductors with a fully gapped Fermi surface

e characterized by a topological number

e gapless excitations at boundaries (Dirac or Majorana)

stable
non-topological

O (vacuum)

Examples: p+ip superconductor, 3He, ... //

particle-hole symmetry (BdG Hamiltonian)



2D p+ip superconductor 3He-A thin film, Sr,RuO,

. (px+ipy)-wave Cooper pairing .{\.
\\ 4
e Hamiltonian Nambu-spinor [ Cs ] (spinless fermions)
T
p’ “p 2
——u  —(p,+ip)) S
2m p|: 1/ = — 2
H, = , :d(p)-a d d/‘d‘ px,py HS
A (px_ipy) :u_p—
F 2m wrapping #=1

e Majorana edge state
P, +Ip,

E px-ipy
~ | am -
e o 2A1 - y(x)= J.(e'kxyk+e'kxyg)dk o o
V k k>0

mm v



Majorana zeromode in a quantum vortex

Zero-energy Majorana bound state

G Eh

(p+ip) superconductor [ I
A

zero mode ¢&,=0 Yo =70 -

energy spectrum
near a vortex

Majorana fermion

If there are 2N vortices, then the ground-state degeneracy = 2N,

1D p-wave superconductor (Kitaev)

@&
P-wave SC Majorana fermion



Q: How many classes of topological
insulators/superconductors exist in nature?

Topological insulators/superconductors should be stable against arbitrary
perturbation (deformation of Hamiltonian) that respects symmetry constraints.

classification based on generic symmetries:
time reversal
charge conjugation (particle hole) SC

random matrix theory

A: There are 5 classes of TPIs or TPSCs
in each spatial dimension. 3Z& 27,




Table of topological insulators/superconductors for d=1,2,3

[105ymmetryClasseS] TRS PHS CS ] [d=1 d=2 d=3]

A (unitary) 0 0 0 -- @ IQHE

Standard Al (orth )
(Wigner-Dyson) orthogona +1 0 0 B QSHE
All (symplectic) -1 0 0 —- @ @ Z,TPI
Alll (chiral unitary) 0 0 1 7 . 7
Chiral BDI (chiral orthogonal)  +1  +1 1 @ polyacetylene (SSH)
Cll (chiral symplectic) -1 -1 1 7 . Z,
p+ip SC
D (p-wave SC) 0 +1 op SC @ e ~
d+id SC
C (d-wave SC) 0 -1 0 . e '
BdG 3He-B
DIII (p-wave TRS SC) -1+ 1 Z, @ @
(p+ip)x(p-ip) S
Cl (d-wave TRS SC) +1 -1 1 -- -- Z

Altland & Zirnbauer, PRB (1997) Schnyder, Ryu, AF, and Ludwig, PRB (2008)



Periodic table of topological insulators/superconductors

11

Cartan 0 1 2

Complex case:

A Z 0 Z
Alll 0 Z 0

Real case:

Al Z 0 0

BDI 7o Z 0

D 2o Zn Z
DIII 0 Zy Z
All 22 0 Zy
CII 0O 2Z 0

C 0 0 27
CI 0 O 0

N o
N o
SN

NeNBEnooo

0 period
d=2

period
d=8

A. Kitaev, AIP Conf. Proc. 1134, 22 (2009); arXiv:0901.2686
Ryu, Schnyder, AF, Ludwig, NJP 12, 065010 (2010)
M. Stone, C.-K. Chiu, A. Roy, J. Phys. A 44, 045001 (2011)

massive Dirac Hamiltonian

K-theory, Bott periodicity

representation of Clifford algebras



Table of topological insulators/superconductors for d=1,2,3

10 Symmetry Classes TRS PHS CS] d=1 d=2 d=3

A (unitary) 0 0 0 - 7 -
Standard

(Wigner-Dyson) Al (orthogonal) +1 0 0 -- -- --
All (symplectic) -1 0 0 -- Z, Z,

Alll (chiral unitary) 0 0 1 Z -- Z

Chiral BDI (chiral orthogonal) +1 +1 1 7 - -
Cll (chiral symplectic) -1 -1 1 7 - Z,

D (p-wave SC) 0 +1 0 Z, VA --

- 0 -1 0 - Z -

BdG C (d-wave SC)

DIl (p-wave TRS SC) -1 +1 1 Z, Z, Z

Cl (d-wave TRS SC) +1 -1 1 - -- Z

Altland & Zirnbauer, PRB (1997) Schnyder, Ryu, AF, and Ludwig, PRB (2008)



Time-reversal operator

H=>Y c'Hc,
L]
SpinOcase T=K T:H, >TH, T =H;
Complex conjugation T2 =1 integer Spin

Spin%case T=ioc K T: Hij —)THijT_lzayH;Gy

Time-reversal invariant system:

TH,T =H, H g =Hg  seino

J|



Example: 2D Dirac Hamiltonian
H(l_é) = kyox + ky0, + ma, + Vo,

ayH*(—l_c))ay = kyx0y + ky0, —ma, + Vo

If m = 0, H is invariant under time-reversal transformation T (T? = —1)

Dirac fermion on the surface of a 3D Z, topological insulator

The mass term breaks time-reversal symmetry;

02
Oy = — ﬁsgn(m)

=) Quantum anomalous Hall effect



Classification of Hamiltonian in terms
of time-reversal symmetry

—

+1 if THT'=Hand T° =+1

TRS=— -1 if THT'=H andT*=-1

O 1fnoT exists.




Table of topological insulators/superconductors

S
TRS | PHS | CS d=1 d=2 d=3
A (unitary) 0 0 0 -- Z --
Standard
(Wigner-Dyson) Al (orthogonal) +1 0 0 -- -- --
All (symplectic) -1 0 0 -- Z, Z,
Alll (chiral unitary) 0 0 1 7 - 7
Chiral BDI (chiral orthogonal) +1 +1 1 7 - -
Cll (chiral symplectic) -1 | -1 1 7 - Z,
D (p-wave SC) 0 +1 0 Z, VA --
- 0 -1 0 - Z -
BdG C (d-wave SC)
DIl (p-wave TRS SC) -1 +1 1 Z, Z, Z
Cl (d-wave TRS SC) +1| -1 1 - -- Z




Particle-hole transformation for
Bogoliubov-de Gennes Hamiltonian

Examples:

(1) spinless p,+ip,

1 ~
123 e H )

] Alk, —ik
Hq—[A( “ ( o y)}—A(kX7X+kyry)+5krz

K .
k+ik, ) —e,
Particle-hole symmetry TxH:sz — _HE C = TxK C2 =1
E.—>-E, X
W un Vn t [UO]
= a +| ,|a, |+ 14 1
[u”]%[\/lj (WTJ EnZ;oHan n (Unj n:l Vo O\ Yo =70
Vi u, * Majorana fermion
U, =V,



Particle-hole transformation for
Bogoliubov-de Gennes Hamiltonian

(2) dyz.yo*id,, (spin singlet pairing)

H = Z( ¢ Cy)H (CTH]

C—ki

L £ A(KZ -k —ikk, )
L A(KE K ik, ) e

—k

= Al (K =K) 7, +k Kz, [+,

Xyy

Particle-hole symmetry TyH:ZTy = _HIZ C = iTyK C2 — 1

v u V.
( Tj 2 (Vn)amJ{ ”*jali
‘//¢ E,>0| \Vn —Uu, No Majorana



Classification of Hamiltonian in terms
of particle-hole symmetry

—

+1 if C'HC=-H and C?=+1

PHS=— -1 if C'HC=-H andC?=-1

0 1f no C exists.

~—



Table of topological insulators/superconductors

S
TRS PHS| CS d=1 d=2 d=3
A (unitary) 0 0 0 -- Z --
Standard
(Wigner-Dyson) Al (orthogonal) +1 0 0 -- -- --
All (symplectic) -1 0 0 -- Z, Z,
Alll (chiral unitary) 0 0 1 7 - 7
Chiral BDI (chiral orthogonal) +1 +1 1 7 - -
Cll (chiral symplectic) -1 -1 1 7 - Z,
D (p-wave SC) 0 +1 0 Z, VA --
- 0 -1 0 - Z -
BdG C (d-wave SC)
DIl (p-wave TRS SC) -1 +1 1 Z, Z, Z
Cl (d-wave TRS SC) +1 -1 1 - -- Z




Chiral symmetry (cs)

There is a unitary operator which anticommutes with Hamiltonian.
HI'+TH=0

S

Example 1: lattice model with hopping between AB sublattices only

H:Z(tabc;cbﬂ;bcgca) e o s L] e s
ach A B

Example 2: time-reversal X particle-hole (T'and C are antiunitary)
THT *=H

TCHC™T ™ =-H .
CHc—l :—H = TCH HTC



Classification of free-fermion Hamiltonian
in terms of generic discrete symmetries

~

* Time-reversal symmetry (TRS) 0 no TR invariance

THT =H TRS={+1 T?=+1 spin 0
1 T?=-1 spin 1/2

\

e Particle-hole symmetry (PHS)

BdG Hamiltonian (0 no PH invariance
CHC™ =-H PHS=1+1 C?=+1 triplet
\—1 C2 = -1 singlet

TRS=PHS=0,CS=1
3x3+1=10



Table of topological insulators/superconductors for d=1,2,3

TRS PHS CS d=1 d=2 d=3
A (unitary) 0 0 0 _ @ IQHE
Standard Al (orth ) B B
(Wigner-Dyson) orthogona +1 0 0 QSHE
All (symplectic) -1 0 0 - @ @ Z,TPI
Alll (chiral unitary) 0 0 1 7 - 7
Chiral BDI (chiral orthogonal) +1 +1 1 7 - -
Cll (chiral symplectic) -1 -1 1 7 - Z,
p+ip SC
D (p-wave SC) 0 +1 0 Z, -
- 0 -1 0
BdG C (d-wave SC) 3He-B
DIl (p-wave TRS SC) -1 +1 1 ( | @ @
p+ip)X P- |p S
Cl (d-wave TRS SC) +1 -1 1

Schnyder, Ryu, AF, and Ludwig, PRB (2008)



IQHE (A, d=2)
H(l_{)) = kx0x + kyoy, + mo, + Vo,

a7

QSHE (All, d=2)

— o
Mown-spin electron/
.

Kane, Mele
Bernevig, Hughes, Zhang

3D Z, TI (All, d=3)&

Moore, Balents

Fu, Kane, Mele topological
Roy insulator

(p+ip) SC (D, d=2)
H(k) A K.z, +kr +5kr

e

Read, Green

(p+ip)x(p-ip) SC (DI, d=2)

>

N
/Q/

Qi et al
NCS SC (Rashba SO; p >s) Sato, Fujimoto

3He-B (DIII, d= 3)&

Volovik, ....
Schnyder et al




“derivation” of the periodic table

 Anderson delocalization of boundary states
— Nonlinear sigma model with a topological term

m) ¢ Dirac Hamiltonian
— dimensional reduction (complex classes)
— Clifford algebras



Anderson delocalization of boundary states
 Gapless boundary modes are topologically protected.

 They are stable against any local perturbation.
(respecting discrete symmetries)

 They should never be Anderson localized by disorder.

Nonlinear sigma models for Anderson localization
of gapless boundary modes

_ 2 .
S — J‘d d lr '[I’ (@Q) + topologlcal term (with no adjustable parameter)
QeM Zy top. term .. (M)=2,

bulk: d dimensions WZW term T (M )= L

boundary: d -1 dimensions _
0-term



NLSM topological terms @ (G/H )

complex case:

G/H\ d d=0 d=1 d=2 d=3
A U(N + M)/U(N) x UM) Z 0 Z 0
Alll U(N) 0 Z 0 Z

real case:

G/H \ d =0 d=1 d=2 d=3
Al Sp(N + M)/Sp(N) x Sp(M) Z 0 0 0
BDI U(2N)/Sp(N) 0 Z 0 0
D O(2N)/U(N) Zo 0 Z 0
DI O(N) Zo Zo 0 Z
All O(N 4+ M)/O(N) x O(M) Z Zo Zs 0
Cll U(N)/O(N) 0 Z Zs Zo
C Sp(N)/U(N) 0 0 Z Zo
Cl Sp(N) 0 0 0 Z

Z,. Z, topological term can exist in |d| dimensions =) d+1 dim. TI/TSC
Z: WZW term can exist in|d-1| dimensions == d dim. TI/TSC




Periodic table of topological insulators/superconductors

d

Cartan 0 1 2 3 4 5§ 6 7 & 9 10 11

Complex case:

A Z 0 Z o0 Z 0 Z 0 Z 0 Z 0 period
ATl O Z 0 Z 0 Z 0 Z 0 Z 0 d=2
Real case:

Al Z 0 0 0 22 0 Z, Z, Z 0O 0 0

BDI Za, Z 0 0 0 22 0 Zy, Z, Z 0 0

D Zo 2o Z O 0 0 22 0 2y Zy Z O ,
DI o 7, Z, Z 0 0 0 22 o 1z, 7, z Period
Al 22 0 Z, Z, Z O 0 0 22 0 Z 7 d=38
CI 0 22 0 2, Z, Z 0O 0 0 22 0 2,

C 0 0 2Z 0 Z, Z, Z 0 0 0 2Z O

CI 0O 0 0 22 0 Zy Z, Z 0O 0O 0 2Z

A. Kitaev, AIP Conf. Proc. 1134, 22 (2009); arXiv:0901.2686  K-theory, Bott periodicity
Ryu, Schnyder, AF, Ludwig, NJP 12, 065010 (2010) massive Dirac Hamiltonian

34



Dirac Hamiltonian

Minimal representative models for Tls and TSCs

Effective theory near a topological phase transition (band gap closing)
E E E Cipey =010 03Q - - - Q 03,

2
ra,,_,_l) =07 ®g3®' - ®0:i’

B s

‘ k

n—1
d
H :Z‘Ikyyy+m7/d+l
U=

n-—1
3 i
‘ A ‘ Lo =00®01 Q@3- -- Qo3
n—2
4

— —

n—2

2n—1
ety = 00 ® - - - ® 09 Qo1

n—1

gamma matrices: 2

2n+1) =9‘0® o ®O‘g®0‘2,
— "« 2" matrices -
{7/a!7/b} 25a,b 22 2n+1 '

(2n+1) — 9'1@ ®01

n




Dimensional hierarchy: complex case (A =Alll)

d=2n: class A (no symmetry constraint; e.g., IQHE)

2N
H = Z;km My, V10 o Vanad
L=

—

Bloch wave functions of occupied bands ‘Ua(k )> a=1.. N

Berry connection Azb (R)dkﬂ - <Ua(lz)‘ dub(IZ)>

Berry curvature F=dA+AAA

Chern number Chn[F]zj(nil)ltr (Izij el
! T



d=2n-1: class Alll
2n-1

H — Zlkyyﬂ+m7/2n+l
U=

{H ’7/2n} =0 chiral symmetry — H (IZ) _[

0 D(E)]

D'(k) 0

Deform the Hamiltonian continuously to a Hamiltonian with eigenvalues 1

Q(K)=1-2).

e () {ua ()

(0

gk ) U(N)




Example: d=3-52-1
| B {G o, G}
d=3 H ZKXGX -I—kyO'y-l-kZGZ Weyl semimetal

d=2 H-= kXGX + kyGy + Mo, Class A (IQHE)

—Im m

ChlzédekFXy :idek -

2 em ) 2]

d=1 H =kxax+may

) — K, +Im
R e
v, =— [qdg=——[dk — __™

2r 277 K KP4m? Z‘m‘



Classification of Dirac mass

d
H:Zkﬂ7ﬂ+m7/0 {7//1’71/}:25/1,‘/
u=1
If my, is a unique Dirac mass, then gapped phases with opposite
sign of m are topologically distinct phases. m;
A
Examples
(1)d = 2 class A (IQHE) {\
H =ko,+k,o, +mo, —5 o— m
(2) d = 1 class A

H = kXO'X + mlo-y +M,o, Two gapped states (m; > 0 and m; < 0) are

connected without closing a gap.

(3)d =1classAlll  {H,o,}=0

H = kxgx + mUy may, is @ unique mass term.



Set of possible mass terms: classifying space

Example: d = 2 class A (IQHE)

H:kxax®1N+kcf ®1, +7, (7.7} =25,
/1

Vo=0, A [ jUT (N =n+m)
Vo &= U c (n+m) Classifying space C,

( ) ( ) = Complex Grassmanian

(@ U(men)umxum]-z2 - @ @ @ @ -

There are topologically distinct gapped phases labelled by an integer index.

The parameter n corresponds to Chern number.
1 (>0
H =kX0X+kny+(6—k2)Gz Chern#:{ (£>0)

0 (¢<0)



Example: d = 1 class A (no symmetry constraint)

H=ko, ®1, +7,
0 U
Yo = ut o UeU ( N ) Classifying space C;

”o(U(N)):O

There is only a single gapped phase. ‘



Classification using Clifford algebras (real classes)

(real) Clifford algebra Cl,, ,

p + q generators: {ei,ej}:O (i¢j)

o [ (=1ep)
" |+l (i=p+l..,p+Q)
2P*4_dimensional real vector space
ae +ae +...+a,6e6 +...+a, €6,---€ a; €ER

n



Symmetry operators = generators of Clifford algebras

Time-reversal transformation: T T HT =H, T*=+1
Particle-hole transformation: ¢ C'HC=-H, C*=+1
T,C]=0

Operator for “i” : J  J°=-1 {T,J}={C,J}=[H,J]|=0

d
Dirac Hamiltonian H = Zkﬂyﬂ + My,
=1

Tyo=», Ty,=-7,0 W=1..,d)
Cro=-7C, Cyr,=y7,C (u=1..d)

{7/a’7/b} :25a,b



Real Clifford algebras S LA eo
(i) T only (Al & All): .c .D .
e =Jdy,, =T, &,=TJ, &= ..., 85,4 =74

‘C“ +A|| ‘D|||
Al: Cl1’2_|_d All: Clg,d

(ii) C only (C & D):
e, =7, €=C, &,=CJ, e,=3Jy, ..., &, =Jdy,
C: Cl2+d,1 D: Cld’3
(iii) T and C (BDI, DIII, Cll & Cl):
e, =7, =C, ,=CJ, ¢,=TCJ, e, =Jy;, ..., &4 =y,

BDI: Clyyq3 DH:Clyy ClH:Clzigqq Cl:Clyigo



Topological classification of Hamiltonian (kitaev 2009)

(1) We consider a matrix representation (of large enough dimension)

of a Clifford algebra without g,.
(We fix the representation for the symmetry constraints.)

(2) We then consider extending Clifford algebras by adding e,.

(i), (i) {e,e,, .64} {60,884}
(i) {€,€, - €q) = {€0:€1:8) 1 8q )

We look for all possible representations of ¢;.
The set of possible e : classifying space R, (¢ =0,1,...,7)
The classifying space for {e,,e,,....8,.4} —{€,,6,8,.., &4/
1€1:800mm1 €y | > {€018118p e B |
(3) Topological classification is given by 7, (Rq )
=R

Bott periodicity Rq+8 g



Classification of Tlsand TSCsind = 0

class (T?,C?) extension classifying space  class TRS PHS R, mo(Rq)
Al (+,0) Clgo — Cly 2 Ro Al +1 0 Ro
ATl (—,0) Cla,o — Cl3 o R4 BDI +1 +1 R Zo
D (0 —I—) C/'lo,g — Clo,g Ro D 0 +1 Rs Zio
C (0, —) Clao — Cla R_2 ~ Rg DIIT —1 +1 Rj 0
BDI (—I—._ +) C'l1,2 — 011,3 Rq All -1 0 Ry Z,
DIIT (—,+) Cloz— Cloa Rs ClIi -1 -1 Rs O
CII (—,—) Clzo — Cl3 1 R_3~ Rg C 0 —1 Rg 0
CI (+,—) Cla1 = Clago i 4 o= I CI +1 -1 Ry O
T? T
.CI 'TAI .BDI
7® ol 1 0 dimension R,
D . .
6 . ~o—>C* d dimensions R,_g4

Cll +AII DIl
o o
4 3



d
Dirac Hamiltonians in d dimensions H=> Kk, +my,
=1

The relevant classifying space is R;_g.

Topological classification is found from (Rq_d).

Bott periodicity Rq+8 ] Rq

d

Cartan 0 1 2 3 4 5 6 7 3 9 10 11
Complex case:

A Zz O Z o Z O Z O Z 0 Z 0
Alll o zZz o0 Z o0 Z O Z 0 Z 0 Z
Real case:

Al Z 0 0 0O 22 0 Z, Z, Z 0O 0O O
BDI Zy Z 0 O o0 22 0 2, Z, Z 0 0
D Zy Zn Z O O O 22 0 Zy Zop Z 0
DI 0O Z, 2, Z 0 0 0 22 0 Zn Zp Z
All 22 0 2y Zy Z O 0 0 2Z 0 Zy Zy
CII 0O 22 0 Zy Zo Z 0 O 0 2Z 0 Zy
C 0O 0 2Z2 0 Zn Zn Z O O 0 2Z 0
CI O o0 0 22 0 Z, Z, Z 0 0 0 2Z




Reflection symmetry

d
Dirac Hamiltonian  H =)k y, +my,
u=1

Reflection in the x4 direction:
R™H (—kl,ki)R =H (kl,ki) = {R,yl} =0, [R,y/i]:O (1=1)

Define M = Jy,R , which satisfies M? =1 and {M ,7/y} -0.

Suppose that MT =7, TM and/orMC =7n.CM . (7;.=+1or -1)

l

RT =7, TR and/or RC =-7.CR

R77T’ R_UC’ R77T’_77C



The operator M changes the relevant Clifford algebra.

MT =7, TM MC =17.CM

(77T Tlc )
' o
class (nr,mc) € &2 | shift of R,
- 5 (+,0)  JM —1 +1
AL, AlI
(i) New.generator e _ Co o osl 41 lsnme
= Shift R, - R;44 O c 0.+ JM —1| =1
" 0,—-) M +1 +1
BDI, DIIL, c1, ¢p (o) Moo AL
(—,4+) JM -1 1

y - N
v 2 N

(||) Commuting ope rator M class  (nr,nc) M M2 classifying space
— Block diagonalization ppr, cip (foH) TOM o+l no change
— =) TCJM -1 complex
DIII, CI (+,+) reM —1 no change
— ~ " (—.—) TCJM +1 \ complex )
When M? = —1, M introduces < =

complex structure.



Topological periodic table with a reflection symmetry

Original topological periodic table for ten AZ symmetry classes

Cartan 0 1
Complex case:

A A 0
Alll 0 Z
Real case:

Al Z 0

BDI o L
D Ly I
DIII 0 Z
All 2Z 0

CII 0 2Z
L 0 0

8 | 0 0

<N
N o
<N

11
0 period
Z d=3
0
0
0
7 Pperiod
z, d=8
Zy
0
2Z




Topological periodic table with a reflection symmetry

Reflection Class C,orR, d=0 di=: d=72 d=3 d=4 d=95 d=06 =
R A C, 0 Z 0 Z 0 Z 0 Z
R+ AlIIl Co Z 0 Z 0 Z 0 Z 0
R~ Alll C, 0 Z 0 Z 0 Z 0 Z
IR Al R Z Z 0 0 0 Z 0 Z»
BDI R, 7 7 Z 0 0 0 Z 0

D R; 0 Z; Z; Z 0 0 0 Z

DIII R, Z 0 7 % Z 0 0 0

All Rs 0 Z 0 vl Z, Z 0 0

CII R¢ 0 0 Z 0 Z Zis Z 0

C R, 0 0 0 Z 0 Z Z, Z

@l Ro Z 0 0 81" £y Z 0 Zin Z»

R™,R— Al R; 0 0 LITTJLOo o Zy' 7 Z
BDI Ro Z 0 0 Z 0 “Zn” Zy

DIII R, A Z, z i 0 0 Z 0

All R; 0 P Z, SnTe 0 0 Z

CIl R, z 0 “.? 7S Z 0 0 0

C Rs 0 Z 0 s A Z, Z 0 0

CI Re 0 0 zZ 0 “F” Z, zZ 0

R~ BDI R, Z> Z U U U Z U Z>
R~ DIII R3 0 Z» Z» 0 0 0 Z
R™™ CII Rs 0 Z 0 gglOCk L v 0 0
R™ cl Ry g 0 fginnn%n“-)nql'inn 2 2 £
R~ BDL CII C 0 Z WU UIizZUgToTT 7 0 Z
R~ DIII. CI C, 0 Z 0 Z 0 Z 0 Z

Chiu, Yao, & Ryu, PRB 88, 075142 (2013); Morimoto & AF, PRB 88, 125129 (2013).




TCISnTeas TRS+ R~

_ Hsieh et al. Nat. Commun. 2012
Band gaps at 4 L points

Effective theory around an L point

1
o, = *1: p-orbitals, s, = £1:j = iz
H = v(kxsy — kySX)O'X +V,k,0, + Mo,

class All: T =1s K
unigue mass term : G,

Topological index Z,

Am

>
1 €7, m>0

topological
- 1 phase transition

0€Z, - m<0




TCISnTeas TRS+ R~

_ Hsieh et al. Nat. Commun. 2012
Band gaps at 4 L points

Effective theory around an L point X

o, = *1: p-orbitals, s, = £1:j = £ -
H :V(kxsy—kySX)O'X+VZkZo'y+mc)'Z 2
class All: T =1s K

unique mass term : G, Doubled system H®r,

Topological index Z, —> an extra mass term m’szaxry
A M A M
m>0 a single topologically
e = - .
1 =4 1x2=0 €2, trivial phase
- topological

> m

- v phase transition

0E€Z, T m<0




TCISnTeas TRS+ R~

Hsieh et al. Nat. Commun. 2012
Band gaps at 4 L points

Effective theory around an L point

— 1
H= — 0, = £1: p-orbitals, s, = +1:j = +~
v(kxsy kysx)o-X +vzkzo-y + Mo,

class All: T =1s K
unigue mass term : G,

Doubled system H ®7,
Topological index Z, —> an extra mass term m’szaxry

Reflection R, = s, forbids the extra mass m’ - Topological index Z

(kx = —ky) (mirror Chern number)
A M class TRS PHS R, mo(R,)
Al +1 0 Ro

banned by R BDI +1 +1 R;

= " DIII —1 +1 Rs

ATl -1 0 Ry

’ Cll —1 -1 Rs

cl +1 —1 R-

1X2=2 €/




Summary

Periodic table of topological insulators/superconductors
3Z & 27Z,inevery dimension
exhaustive list for any free fermion Hamiltonian

Powerful machinery using Clifford algebras and their
representations

Generalizations (lattice symmetries other than reflections)
— D.S. Freed & G.W. Moore, arXiv:1208.5055

Weak points
— Abstract toy models
— Do not give topological invariants explicitly
— Electronic correlations???



(a) complex classes

q Clg Cq m0(Cy)
0 C (Umn+m)/Un)xU(m))xXZ Z
1CaqC U(n) 0

(b) real classes

4 Clo,g g mo(Fq)
0 R (O(n+m)/O(n) x O(m)) X Z Z
1 Re&R O(n) Lo
2 R(2) O(2n)/U(n) Lo
3 C(2) U(2n)/Sp(n) 0
4 H(2) (Sp(n +m)/Sp(n) x Sp(m)) xZ Z
5 H(2) ¢ H(2) Sp(n) 0
6 H(4) Sp(n)/U(n) 0
7 C(8) U(n)/O(n) 0




Some formulas

Cl, ,®Cl,,0Cl {e}®{o,,0,}0 {ei ®(i0y),ax,az}

g,p+2

Cly,: {0,.0,} >{l0,,ic,,0,} - R(2): set of real 2x 2 matrices

=Cl,,: {Gx, iay}

Cl, ,®Cl,,00Cl,,, {ei}®{i0y, iryaz} — {ei ®ir,o,,lo, iryoz}

y = x1?

Cl,,®Cl,UCI . {ei}®{ax, iay} — {ei ®o,, 0, iO'y}

cl,,®Cl,,0Cl  ®Cl,,®Cl,,1Cl_, ®Cl,,[Cl

p,q+4

cl,.,0cl ., ®Cl,0cl  , ®cCl,®Cl,iCl.,, ,®CL,0Cl .,

p,q+8 p,q+4

1Cl,,®Cl,®Cl,®Cl, ®Cl,,
1Cl,,®R(16)



