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Log-B periodic magneto-resistance oscillation in ZrTe.
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Log-B periodic MR oscillations from 0.2T to 55T.



Discrete Scale Invariance in ZrTe; beyond the quantum limit
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Discrete Scale Invariance in ultra-quantum In ZrTeg with coexistence
of heavy electron (low mobility) and light hole (high mobility). ’




Discrete scale in_variance
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Bosonic Efimov trimers (resonant scattering)
B - -

Volume 33B, number 8 PHYSICS LETTERS 21 December 1970

ENERGY LEVELS ARISING FROM RESONANT TWO-BODY FORCES
IN A THREE-BODY SYSTEM

V. EFIMOV
A.F.Ioffe Phvsico-Technical Institute, f.eningrad, USSR

Vitaly Efimov

When 2 bosons interact with infinite scattering length a, 3 bosons
always form a geometric series of bound states.
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Discrete Scale Invariance



Resonant scattering (obtained by Feshbach resonance )
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Efimov trimer of identical bosons (near resonance)
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1. 1/RAN2 attraction is a
requisite.

2. Energy spectrum also
show Discrete Scale
Invariance.




Efimov trimer of identical bosons (experimental realization)
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2. Possible Fermionic Efimov bound states

® Three-body Schrddinger case with resonant scattering
® Two-body Weyl Hamiltonian with Coulomb attraction

® Influence of magnetic field and comparison to experiments
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Efimov attraction from Born-Oppenheimer approximation

I _— - — —
o Trimer wave-function
a—o h a—oo Yr(R,7) = F2.(R)pp(r, R)
e e Schrodinger equation for hole wave-function
. = *. — h%/2Mp, V2 ¢y (r,R) = en¢p (1, R)
L _expl—kplr—R/2|] exp[—kplr+R/2|]
Hole wave-function: ¢,(r,R) = T —R/Z| + T+ R/Z|

1
Decay wave-number: k, = Ew/—ZMhsh

: . 0 1 R
Bethe-Peierls boundary condition: E(Td)")”"o == > kR- e knR — -

knR=0 ~ 0.567 Solution of 2 =e™
when scattering length a -» +

Energy of hole:
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Efimov attraction from Born-Oppenheimer approximation
I e
Schrodinger equation for two electrons (center of mass):

2

h
A Vi + en(R)| F20(R) = Er - F5.(R)
e

Wave-function for two electrons (center of mass):

F2e(R) = RTYf(R)Y,(6)

Differential equation for radical part:

2 M,E Identical fermions:
< i tV(R )f(R)—O L=1
- - real s, contraint:
Efimov attraction:
2 2 M
VR) _LL+1) M0 —s5—-1/4 M_> 13.6
~ R? 2M,R?2  R? h
Definition: (real s, guarantee a solution) This constraint can
, M, 1 be matched in solid
ISol” = 5" — LU+ 1) =7 state systems.
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Efimov Trimers from the Born-Oppenheimer approximation
I I e
Differential equation for radical part (with real positive s;):
d> s3+1/4 M,E;

]f(R) =0 [Landau & Lifshitz QM]

~dR?2  R? h2
Definitions and differential equation for auxiliary function:
2 [z 1 .
Er=-—— [f(R)=R2g(R) R=kR
e

-~ 1 sé -
g"(R) + Eg’(R) + (—1 + R—O2>g(R) =0

1
E=E; Solution: f(R) = R2K;s (krR)

1
f(R) ~ Rzsin[sgIn(krR) + af Discrete Scale Invariance

: 1
E=o0 Solution:  f;(R) =~ ARZsin[sylnk.R + «] kpp = (e‘”/SO)n_noe‘“/SOk*

Match the wave-function at boundary. .
n—ny h k*

! R ] _277:/50
Continuous condition of R& at ‘ Ban = (e ) M,

f(R)
boundary.

2 Run
(RR) ockpn ==,




Influence of magnetic field on Efimov trimers: small B

H_211v1h( lhvl_ZA )2+21t1

: (—ih\73 + 523)2
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e

Under small magnetic field, the binding energy of Efimov bound states
|E+| is much larger than the Landau level spacing.

h2k? h? -
Ern| = =72 » hwy = YR ‘ (Rn) = Sok7n < Solp

e

Size of Efimov trimers

The magnetic field can be treated as perturbation, and the system still
possesses approximate hyper-spherical symmetry.

In hyper-spherical coordinates: _— harmonic oscillator potential

o2 MZw3R?|  Mywp & MET _
(VFU Vﬁij,k_l_ gnz || 2n2 Lijr = h2 =0

] 2 2 _ L%f L”k

hyper-spherical Vi Yk T 2Rz gin 9. | hZRZ cos? U

operators: s[ 92 151 5 1 0°
+R‘§[ ] 2 [

- R? —— —4|sin29
orR? " arZ|"" T RZsinzo, | 902 ]Sln k
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Influence of magnetic field on Efimov trimers: small B

The Faddeev decomposition: o h L o
Y = oW (73,8231) + 0P (P13, 132) — 9P (Fa2, P123) € & \5
The Faddeev equation: 2 8 3
MZw3R?> M,w M.E .
2 2 e*"B e"B » e~T - U
(—Va Vit gzt 55z Lk )qv(‘)(r,p) =0
Solution ansatz: o
Vs o PPRID) 0 @ (. A
<p(l)(r,p) - R50/2 sin 29 R5/2 sin 29 anmf : (R)¢ l (ﬁ'R)Ylm(p)
The hyper-angle equation (I = 1):
0?2 l(l+1)
(_ 092 (:os2 19) qb(l) (19 R) - Sn l qb(l) (19 R)
M
_Pei ition: L9 _1 siny = ————
Bethe-Peierls boundary condition: e (rl{J)m - Y M, + M,

. _c2 .
Eigenvalues: | —tan (sn %) _ __2cos(rsp) Sin(¥sn)/Sn

Sn sin(2y) cos(sng) sin? y cos(sng)

The above secular equation have imaginary solution s,, = isy If y > 1.199,
corresponding to M, /M, > 13.6. 16



Influence of magnetic field: approximate discrete scale invariance

The hyper-radial equation: _— Influence of magnetic field

d? 2+1/4  R? 1 MEE
(_ dRZ _ SORZ + 4[; + 2lé) fn(R) = Tle(R)
Attractive potential condition:

S0+1/4 R? _
2 2l2<0 ‘ R <R. =/2s0lp

4l4

WKB solution of Efimov trimers:

jﬂ dr ~ 2h 50 1 R® dR = 2nnh
~ — [1- = 2mn
p r R R 250l§

Approximate discrete scale invariance for R,, < R,

R, m R2 R (n 1 © 1 >
€ +
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Problem, comparison and solution = from 3-body to 2-body

1. How to obtain the resonant scattering condition a — +co with large
magnetic field?
* Not clear. Thus, the prerequisite for Efimov trimers is not met.

2. In the large magnetic field limit, the system become quasi-1D with
cylindrical symmetry. No Efimov trimers in 1D.

3. ZrTes is identified as Dirac semimetal by ARPES [Nature Physics 12,
550 (2016)], what's the influence of Dirac physics?

. _ [ d? so +1/4 M ET
Efimov equation: |- TRZT T Rz f(R) =0 Scale Invariant
: : m hvpd - k _
Dirac equation: . Y= [E -V (R)] Y
hvpo - k —-m

Scale invariance is obtained, if m = 0and I/ (ﬁ) «x R71,

Weyl semimetal with Coulomb attraction.
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Dirac particle with Coulomb attraction
I I T ...
Dirac-Kepler problem at large Z, atomic collapse 3D

W. Greiner, B. Muller & J. Rafelski, QED of Strong Fields (Springer, 1985).

Y. B. Zeldovich and V. S. Popov, Usp. Fiz. Nauk 105, 403 (1971).
m # 0 € = mv"l_—c‘l

Ze?

4meghc

Subcritical: <1 Ze is central charge.

o Ze? atomic collapse
Supercritical: ——— 1 ‘ for 7 > 137

-7 WW/

Atomic collapse in graphene 2D

A. V. Shytov, M. |. Katsnelson, and L. S. Levitov, PRL 99, 236801 (2007).
A. V. Shytov, M. I. Katsnelson, and L. S. Levitov, PRL 99, 246802 (2007).
V. M. Pereira, J. Nilsson, and A. H. Castro Neto, PRL 99, 166802 (2007).

Quasi-bound states in the supercritical regime of graphene. 19
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3D Weyl particle + Coulomb attraction + magnetic field

=15 -venn|y]

Under small magnetic field, the Coulomb attraction |E;| is much
larger than the Landau level spacing.

Zahvg

V(Rp)| =

Tl

Expanding in spinor spherical

>» Ep =

harmonic function:

Radial equation:

a [u1 (R)| _
dR

u,(R)

2

\/—hvp ‘/_E — €
: - Ry & = Zalg @ = e o
= [ A— %m
7 (B)| |0, 0) wR)/R
@ (ﬁ) ] Ampm
2 v, 2" (6,0) w(R)/R]
A R E YA 4
RT3 TR [ul(m
(B za (2 R)\|[|uz(R)
] (hvp+ R) <R+21§)_
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Approximate discrete scale invariance

Radial equation (i=1,2) :

d? A R

L) = (24 2) w® - (E+2) wr)

dR? 21%

Magnetic field B=0: -

PR~ So=+(Za)*-2

R R./R. . = e7T/So
WKB solution: j pgr - dR = nrh ) n/Rn-1

Ro En _ hv};Za _ hv;OZae_nn/So

. h R2\*
Withsmall B:  pp = - (Za)?— (A +ﬁ> mmm) | R < R, = /25015
Bound state dissolves if R,, > /25sl5.

WKB analysis_gives_the approximate o En 1 or 1
discrete scale invariance: M S \s 250’50 T 2o
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Weyl particle + Coulomb attraction + magnetic field

e
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- : V2 .
Under very large magnetic field with R > — Zalz  we consider
the lowest landau level solution in cylindrical symmetry (p, z, ¢).

1= [u(p, Z)e‘im"’] 2 = [vm Z?e‘im"’]

u(p, z)= pme P /4B g(z)  v(p,2)=ipme P /HBf(2)

(E—V(2) d _ joo 2 /012 —ZaRVUE dp
“ _ V(z) = 2m+1,-p? /215
) miF g(z) + de(Z) 0 (z) ) p 2 ,—,02 T z2m! 2m[2m+2
E—-V(z) d —Zahvg (m+ 1Dl
g (@@ =0 == [1 -

Scale Invariant if [; < z with 1D Coulomb attraction.



Weyl particle + Coulomb attraction + magnetic field

d2

dz?

For z > Iz and E = 0, attractive potential: V(z) = —

a4 3 ( 7'(2) )2 V'@ N <E -~ V‘(z)>2
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5 - 5 2
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!
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Zahvg
Z
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Approximate discrete scale invariance

Attractive potential condition:

l
_—Zahvp 5 _B
V(z) == [1 22] > 2 <1
Large magnetic field limit
Zahvp \/ihvp lB \/7
V(z)| = Z <Ep=— —) Z <7z

Bound state forms if z,, > g Zalg.

Zn hZa 1%
-dz = nmth ~—[1——
'[ZO pz pz Z ( ZZ>

WKB solution:

Approximate discrete scale invariance:
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Comparison to the experimental results

vp ~ 4.5 X 10°> m/s for the Dirac bands in ZrTe; [Nature Physics 12, 550 (2016)]

Za =4.87 and s, = \/(Za)z — 1 =477

Approximate discrete scale invariance:

Theoretical ratio:

B 2 1 2 1
Dissolution: In l’;“ € (————,——+—) = B,/B,.1 €(3.03, 4.62)

n

Formation: In

B,iq 2T 8 2T 8
€|——— ,——+
Za (Za)?' Za (Za)?

n

) = B, /B,., €(2.59, 5.09)

K B

w— | 50 K
ﬁmﬂ ; ; e 50 K
T L W ) 0.6 W — 15 K
. i . 5 FWHM ~ [1.66, 2.77] 20K
) - S = A=B/B_ €[2.30,4.00] «=—10K
. = ' 4.2 K
r=4 0.4 BN
S s6, B//b axis
<
0.2
B//b axis, ;i(:
0.04°

i 10
B (T) Frequency

1 Experimental ratio:

By
€ (2.30, 4.00)

B
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Experimental results in ZrTe,

— 30K Byh axis, 6
—15 K

7] S—r /:--_— e

1. Clear demonstration of 5 log-B
periodic MR oscillations.

S
& 30 an\/\’i 2. The experimental scaling factor
B .
’ € (2,30,4.00) is comparable to
,."I 1 i E}f’l‘]z 34 Biih axis, s6 n+1
0.1 10 | 10 i i i
. BiTS theoretical estimation.

—=xl 3 The supercritical Coulomb attraction

0.6 —0K
$ T e = between hole and electron results
E”"" = in two-body Efimov bound states

with discrete scale invariance.
Adsssenneness 4. Under magnetic field, the formation
L2 : 4 s 0 5 10 15 and dissolution of Efimov bound
states give rise to log-B periodic MR
oscillations beyond the quantum
limit.

112 142
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Conclusion

1. Coexistence of electron and hole carriers in Weyl
system with supercritical Coulomb attraction = two-
body Efimov quasi-bound states with discrete scale
Invariance.

2. The formation and dissolution of two-body Efimov
guasi-bound states under magnetic field give rise to
novel log-B periodic oscillations of 3D systems beyond
the quantum limit, where the Landau level physics is
inapplicable.
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